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Kinematical spin-fluctuation pairing in cuprates
N. M. Plakida1, ∗ and V.S. Oudovenko2
1Joint Institute for Nuclear Research, 141980 Dubna, Russia
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We propose a microscopic theory of superconductiv-
ity for systems with strong electron correlations such
as cuprates in the framework of the extended Hub-
bard model where the intersite Coulomb repulsion and
electron-phonon interaction are taken into account. The
Dyson equation for the normal and pair Green functions
for the Hubbard operators (HOs) is derived. Due to
the unconventional commutation relations for the HOs,
a specific kinematical interaction of electrons with spin
and charge fluctuations with a large coupling constant of
the order of the kinetic energy of electrons W emerges
that results in the d-wave pairing with high-Tc. Super-
conductivity can be suppressed only for a large intersite
Coulomb repulsion V & W . Isotope effect on Tc caused
by electron-phonon interaction is weak at optimal doping
and increases at low doping. The kinematical interaction
is absent in the spin-fermion models and is lost in the
slave-boson (-fermion) models treated in the mean-field
approximation.
INTRODUCTION
To explain unconventional properties of cuprates one
should take into account that cuprates are the Mott-
Hubbard (more accurately, charge-transfer) doped insu-
lators which cannot be described within the conventional
band theory (for a review see, e.g., [1]). Under doping,
a two-subband strongly-correlated metal emerges where
the Fermi-liquid model fails to describe electronic excita-
tions. The projected-type (Hubbard) operators referring
to the two subbands must be introduced. A new energy
scale of the order of the kinetic energy of electrons W
arises in the intraband hopping induced by the kinemati-
cal interaction for the HOs which is much larger than the
antiferromagnetic exchange interaction J induced by the
interband hopping proposed by Anderson [2]. As shown
in recent experiments [3, 4], short-range antiferromag-
netic (AF) dynamical spin fluctuations survive in super-
conducting state even in the overdoped compounds. This
justifies the spin-fluctuation mechanism of superconduc-
tivity proposed earlier within spin-fermion models (see,
e.g., Refs. [5–8]). We consider the spin-fluctuation mech-
anism of pairing induced by the kinematical interaction
where the coupling constant is given by hopping param-
eters.
KINEMATICAL INTERACTION IN THE
HUBBARD MODEL
To describe electronic systems with strong correlations
the Hubbard model is commonly used [9]. We consider
the extended Hubbard model on a square lattice
H =
∑
i6=j,σ
tij a
†
iσajσ +
U
2
∑
i
NiσNiσ¯ +Hc,ep, (1)
where a†iσ and aiσ are the Fermi creation and annihilation
operators for electrons with spin σ/2 (σ = ±1, σ¯ = −σ)
on the lattice site i, and Ni =
∑
σ Niσ =
∑
σ a
†
iσaiσ is
the number operator. tij is the electron hopping parame-
ters (the nearest-neighbor hopping parameter t = 0.4 eV
is used as the energy unit). The on-site Coulomb interac-
tion (CI) is U . The intersite CI Vij and electron-phonon
interaction (EPI) gij are defined by the Hamiltonian:
Hc,ep =
1
2
∑
i6=j
VijNiNj +
∑
i,j
gijNi uj, (2)
where uj are atomic displacements in particular phonon
modes. In the strong correlation limit, U ≫ t , the
projected electron operators referring to the single and
double occupied subbands, the HOs, should be intro-
duced [10]:
a†iσ = a
†
iσ(1−Niσ¯) + a
†
iσNiσ¯ ≡ X
σ0
i +X
2σ¯
i .
In terms of the HOs the model (1) reads
H = ε1
∑
i,σ
Xσσi + ε2
∑
i
X22i +
∑
i6=j,σ
tij
{
Xσ0i X
0σ
j
+ X2σi X
σ2
j + σ (X
2σ¯
i X
0σ
j +H.c.)
}
+Hc,ep, (3)
where ε1 = −µ is the single-particle energy, ε2 = U−2µ
is the two-particle energy, and µ is the chemical poten-
tial. The HO Xαβi = |iα〉〈iβ| describes transition from
the state |i, β〉 to the state |i, α〉 on the lattice site i
where (α, β) refer to four possible states: an empty state
(α, β = 0), a singly occupied state (α, β = σ), and a dou-
bly occupied state (α, β = 2). The number operator and
the spin operators in terms of the HOs are defined as
Ni =
∑
σ
Xσσi + 2X
22
i , (4)
Sσi = X
σσ¯
i , S
z
i = (σ/2) [X
σσ
i −X
σ¯σ¯
i ]. (5)
2The HOs obey the completeness relation X00i +∑
σX
σσ
i +X
22
i = 1, which rigorously preserves the con-
straint that at any lattice site i only one quantum state
α can be occupied. From the multiplication rule for the
HOs Xαβi X
γδ
i = δβγX
αδ
i follows their commutation re-
lations [
Xαβi , X
γδ
j
]
±
= δij
(
δβγX
αδ
i ± δδαX
γβ
i
)
, (6)
with the upper sign for the Fermi-type operators (such
as X0σi ) and the lower sign for the Bose-type operators
(such as the number (4) or spin (5) operators).
The unconventional commutation relations (6) for HOs
result in the so-called kinematical interaction introduced
by Dyson in a general theory of spin-wave interactions
[11]. To demonstrate the role of the kinematical inter-
action in the model (3) let us consider an equation of
motion for the HO Xσ2i = a
†
iσaiσaiσ¯ :
i
d
dt
Xσ2i = [X
σ2
i , H ] = (U − µ)X
σ2
i + [X
σ2
i , Hc,ep]
+
∑
l,σ′
til
(
B22iσσ′X
σ′2
l − σ B
21
iσσ′X
0σ¯′
l
)
−
∑
l
tilX
02
i
(
Xσ0l + σX
2σ¯
l
)
, (7)
where the Bose-type operators are introduced
B22iσσ′ = (X
22
i +X
σσ
i ) δσ′σ +X
σσ¯
i δσ′σ¯ (8)
= (Ni/2 + σ S
z
i ) δσ′σ + S
σ
i δσ′σ¯,
B21iσσ′ = (Ni/2 + σS
z
i ) δσ′σ − S
σ
i δσ′σ¯, (9)
We see that the hopping amplitudes depend on number
and spin operators caused by the kinematical interaction.
In phenomenological spin-fermion models a dynamical
coupling of electrons with spin fluctuations is specified
by fitting parameters (see, e.g., [5–8]), while in Eq. (7)
the interaction is determined by the hopping energy tij
fixed by the electronic dispersion.
GENERAL FORMULATION
We consider superconducting pairing in the Hubbard
model (3) in the hole doping region. In this case the
chemical potential µ is situated in the two-hole upper
Hubbard subband and is determined by the equation for
the average number of holes, n = 1 + δ = 〈Ni〉 ≥ 1 .
To study the electronic spectrum and superconduc-
tivity in the model we introduce the two-time anticom-
mutator Green function (GF) [12] expressed in terms of
the four-component Nambu operators, Xˆiσ and Xˆ
†
iσ =
(X2σi X
σ¯0
i X
σ¯2
i X
0σ
i ) for two subbands:
Gijσ(t− t
′) = 〈〈Xˆiσ(t) | Xˆ
†
jσ(t
′)〉〉. (10)
To calculate the GF (10) we use the equation of motion
method by differentiating the GF with respect to time
t and t′. Using the projection operator method [13] we
derive the Dyson equation for the GF (10) [14]:
Gσ(k, ω) = [ωτ˜0 − Eσ(k)− QΣσ(k, ω)]
−1
Q, (11)
where τ˜0 is the 4× 4 unit matrix and Q = 〈{Xˆiσ, Xˆ
†
iσ}〉.
The electron excitation spectrum in the generalized
mean-field approximation (GMFA) is determined by the
time-independent matrix of correlation functions:
Eσ(k) =
1
N
∑
j
eik(i−j)〈{[Xˆiσ, H ], Xˆ
†
jσ}〉Q
−1. (12)
The self-energy operator is given by the multiparticle GF,
QΣσ(k, ω) = 〈〈Zˆ
(ir)
kσ | Zˆ
(ir)†
kσ 〉〉
(pp)
ω Q
−1. (13)
The irreducible operators Zˆ
(ir)
iσ = [Xˆiσ, H ]−
∑
l EilσXˆlσ
is determined by the equation 〈{Z
(ir)
iσ , Xˆ
†
jσ}〉 = 0.
To calculate the self-energy matrix (13) we use the
self-consistent Born approximation (SCBA) for the corre-
sponding time-dependent multiparticle correlation func-
tions. Assuming an independent propagation of Fermi-
type excitations Xσ
′2
l , and Bose-type excitations Biσσ′
on different lattice sites we write the time-dependent mul-
tiparticle correlation functions as a product of fermionic
and bosonic correlation functions:
〈X2σ
′
m B
†
jσσ′ |Biσσ′ (t)X
σ′2
l (t)〉|m 6=j, i6=l
= 〈X2σ
′
m X
σ′2
l (t)〉〈B
†
jσσ′ |Biσσ′ (t)〉 (14)
The time-dependent single-particle correlation functions
are calculated self-consistently using the corresponding
GFs. This approximation results in a self-consistent sys-
tem of equations for the self-energy (13) and the GF (11).
The GFs for two subbands 1(2) in the normal state in
the imaginary frequency representation can be written as
{G1(2)(k, ωn)}
−1 = iωn − ε1(2)(k)− Σ(k, ωn), (15)
where ε1(2)(k) are the quasiparticle energy (12) in
GMFA. The self-energy for the two subbands can be ap-
proximated by the same function:
Σ(k, ωn) = −
T
N
∑
q
∑
m
λ(+)(q,k− q | ωn − ωm)
× [G1(q, ωm) +G2(q, ωm)]
≡ iωn [1− Zk(ωn)] +Xk(ωn). (16)
In Fig. 1 we show the doping dependence of Z(q) = Zq(0)
which weakly depends on δ in the underdoped case for
δ . 0.15 but sharply decreases in the overdoped region.
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FIG. 1: (Color online) Doping dependence of the renor-
malization parameter Z(q) along the symmetry directions
Γ(0, 0) → M(pi, pi) → X(pi, 0) → Γ(0, 0) at T ≈ 140 K
for δ = 0.05 (red solid line), δ = 0.10 (blue dashed line),
δ = 0.15 (pink squares), δ = 0.25 (black dash-dotted line),
and δ = 0.35 (black diamonds) [14].
GAP EQUATION AND Tc
Using the equation for the anomalous (pair) GF we de-
rive equation for the superconducting gap function [14].
In the linear approximation, for the gap in the two-hole
subband ϕk(ω) = σϕ2,σ(k, ω) we obtain the equation
ϕ(k, ωn) =
Tc
N
∑
q,m
[1− b(q)]2 ϕ(q, ωm)
[ωmZq(ωm)]2 + [ε2(q) +Xq(ωm)]2
×{J(k− q)− V (k− q) + λ(−)(q,k− q | ωn − ωm)}, (17)
where b(q) takes into account the hybridization effects
of the two Hubbard subbands. J(q) and V (q) are the
exchange interaction and the inertsite CI. The frequency-
dependent interaction is given by the function
λ(±)(q,k|νn) = −|t(q)|
2 χsf (k, νn)
∓[|V (k)|2 χcf(k, νn) + |g(k)|
2 χph(k, νn)], (18)
where t(q) is the Fourier component of the hopping pa-
rameter tij . The spectral density of spin (sf), charge
(cf) fluctuations and phonons (ph) are given in terms
of the dynamical susceptibility by the relations [12]:
χsf (q, ω) = −〈〈Sq|S−q〉〉ω , χcf (q, ω) = −〈〈δNq|δN−q〉〉ω ,
and χph(q, ω) = −〈〈uq|u−q〉〉ω .
For comparison of various contributions to the pair-
ing we consider the gap equation close to the Fermi
energy, ϕ(k) = ϕ(k, ω = 0). In this case instead
of the dynamical susceptibility the static susceptibility
χ(q) = Reχ(q, ω = 0) appears in the gap equation:
ϕ(k) =
1
N
∑
q
[1− b(q)]2 ϕ(q)
[Z(q)]2 2ε˜(q)
tanh
ε˜(q)
2Tc
×
{
J(k − q)− V (k− q) + |V (k− q)|2χcf (k− q)
+|g(k− q)|2 χph(k− q) θ(ω0 − |ε˜(q)|)
−|t(q)|2 χsf (k− q)θ(ωs − |ε˜(q)|)
}
, (19)
where ε˜(q) = ε2(q)/Z(q) is the renormalized energy.
Here ω0 = 0.1t and ωs = J = 0.4 t are the cutoff en-
ergies for phonon and spin-fluctuation excitations. Note,
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FIG. 2: (Color online) Tc(δ) in the WCA induced by all in-
teractions (red solid line) and only by the spin-fluctuation
contribution χ̂sf (blue dashed line) or only by the EPI V̂ep
(black dash-dotted line) [14].
that in cuprates J(q) . V (q) and therefore the AF ex-
change interaction J(q) cannot provide superconducting
pairing proposed by Anderson [2].
To solve Eq. (19) we should introduce models for static
susceptibilities. The spin susceptibility is determined by
the function
χsf (k) =
χQ
1 + ξ2[1 + γ(k)]
, (20)
where γ(k) = (1/2)(cos kx + cos ky) and ξ is the AF cor-
relation length. The strength of the spin-fluctuation in-
teraction is given by the susceptibility at the AF wave
vector Q = (pi, pi), χQ = χsf (Q), which is fixed by the
normalization condition 〈S2i 〉 = (3/4)(1− δ) :
χQ =
3(1− δ)
2ωs
{
1
N
∑
q
1
1 + ξ2[1 + γ(q)]
}−1
. (21)
For the EPI we adopt a model with strong forward scat-
tering proposed in Ref. [15]. The static interaction in the
model is determined by function:
gep(k) = |g(k)|
2 χph(k) = gep
ξ2ch
1 + ξ2ch k
2
, (22)
where the doping dependent parameter ξch = 1/(2δ) de-
termines the radius of a “correlation hole”.
To estimate various contributions in the gap equa-
tion (19) we consider the d-wave model gap, ϕ(k) =
(∆/2) (cos kx − cos ky). At first we consider solution of
the gap equation (19) for Tc in the weak coupling ap-
proximation (WCA), Z(q) = 1 . As shown in Fig. 2,
the largest contribution comes from the spin-fluctuation
pairing induced by the kinematical interaction which is
given by the averaged over the Fermi surface constant
gsf = 〈|t(q)|
2 χsf (k− q)〉FS ≈ 4 t ∼ 2 eV. Charge fluc-
tuations and EPI contributions appear to be small since
only the angular momentum l = 2 of these interactions
give contributions to the d-wave pairing [14].
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FIG. 3: (Color online) Tc(δ) for V = 0.0 (bold red line),
V = 0.5 (blue dashed line), V = 1.0 (black dash-dotted line),
and V = 2.0 (green dotted line) for U = 8 [16].
In the strong coupling approximation (SCA) in
Eq. (17) values of Tc are reduced by an order of mag-
nitude as shown in Fig. 3 in comparison with the WCA
in Fig. 2 due to large values of renormalization parameter
Z(q)) in Fig. 1. Tc dependence on the nearest neighbor
intersite CI V in Fig. 3 reveals that the d-wave pairing
survives as long as the Coulomb repulsion V does not
exceed the kinematical interaction of the order of the ki-
netic energy, V . 4 t ,
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FIG. 4: (Color online) Isotope exponent α(δ) for gep = 5 t
(red solid line) and gep = 2.5 t (blue dashed line).
To study the isotope effect on Tc within the gap
equation (19) we consider the mass-dependent phonon
frequency ω0 = ω
(0)
0
√
M0/(M0 +∆M) = ω
(0)
0 (1 − β).
We neglect the polaronic effect for the d-wave electron-
phonon coupling constant (22) (for discussion see
Ref. [17]). The result of numerical solution of the
gap equation (19) for the oxygen isotope exponent
(β = 1/16) α = −d log Tc/d log M is shown in Fig. 4
for two values of EPI gep = 5 t and gep = 2.5 t in
Eq. (22). In accordance with an analytical estimation,
α = (1/2) gep/(gep + gsf ), α increases for larger values
of gep . The doping dependence of the exponent agrees
with experiments (see, e.g., [18]): it is quite small,
α = 0.09 − 0.18 , close to the optimal doping while
drastically increases in the underdoped case at δ < 0.1,
α = 0.38−0.68 for gep = 2.5 t−5 t , respectively. Similar
results were obtained in Ref. [19]) within the t-J model
with EPI.
To summarize, we have shown that in the limit of
strong correlations a new coupling parameter, of the or-
der of the kinetic energy of electrons, appears in the two-
subband regime for the Hubbard model and brings about
d-wave superconductivity with high-Tc. This kinemati-
cal interaction is lost in the spin-fermion models and the
slave-boson (-fermion) models treated in MFA.
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